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This is a library Circulating Copy which may be borrowed for two weeks. For a personal retention copy. call Tech. Info. Diuision. Ext. 5545 1. INTRODUCTION . Our main purpose in this paper is to show how the method of phase contours can be used in the problem of fixed angle scattering at high energy. In particular we wiil show that it gives a new way of formulating the problem, which is relevant to an heuristic approach and may also be used for a rigorous discussion of assumptions and consequent bounds on the high energy behavior.
We will make extensive use of results and techniques on phase contours that were developed in the two previous papers l ,2 (hereafter denoted by I and II). In particular, we will use the crossing symmetric model developed in II as a basis for formulating our discussion of fixed angle behavior. This model is based on dominance by Regge pole terms that correspond to rising trajectories. We use our knowledge of phase contours and zeros in this model to indicate the kind of behavior that should be taken into account in a more general discussion of high energy behavior at fixed angles. Two essentially different approaches are considered. The first is directed towards the use of entire functions to describe the main features of scattering at a fixed angle.
The second approach makes use of modulus contours in the complex cos 9 plane at high energy and can be used to obtain a fixed angle lower bound.
In Section 2 we express the scattering amplitude for our model at fixed momentum transfer in terms of a Herglotz function and a ratio UCRL-179 2 3 -2-of polynomials in the energy. These polynomials are related to zeros of the scattering amplitude on the physical sheet and to phase contours on the boundary of the physica~ sheet. In Section 3 this result is generalized to fixed angle behavior, where the polynomials become replaced by entire functions. The orders of the entire functions can be related to the distribution of zeros and the distribution of phase contours. If the entire function giving the zeros is dominant at high energies, then its order must be greater than or equal to one half.
In Section 4we study the behavior of modulus contours for the ;amplitude in the complex cos(e t ) plane, where e t is the scattering angle. By considering the limiting form of these contours at high energy in our model we see that polynomial boundedness in energy will in general be limited to a finite part of the cos e t plane. This indicates the need for a generalization of the method for obtaining lower bounds that was first developed by Cerulus and Martin. The generalization is described in Section 5.
I. order to avoid an unduly long discussion, we will limit ourselves to the unmixed types.
In this section we will describe the characteristics of the phase contours in our model at fixed momentum transfer, and will use them to relate the scattering amplitude to a Herglotz function. In Section 3 we make the analagous steps at fixed angle.
The Phase Contours
The phase ¢(s,t), of the scattering amplitude F(s,t), is defined by
together with a specification of the route to the point (s,t) from the asymptotic forward direction, where we define our initial phase,
(2.4)
An account cif theoretical and experimental properties of phase contours was given in 1. Using tlJeseproperties we developed the crossing symmetric solutions of types (a) and (b) in II (Sections 5 and 7), based on Eq. (2.1) above. We will discuss case (b) first· since it is somewhat simpler than (a). (2) the phase in the region, Fig.' 2.1 and the high energy behavior for fixed negative t has been discussed in II (Section 5). We will be concerned with the corresponding relation at fixed angle. However it is useful to note first some features that apply to the simpler case of fixed t.
In Fig. 2 .1, the small black circles denote real zeros of the amplitude, and the attached dotted curves denote complex zeros. In case (b), which we are now considering, these zeros remain on the physical sheet, in the complex s plane, as t decreases through real values. In addition zeros come in ~rom infinity, each time t decreases through a zero of the residue given by a solution of Eq. (2.2).
These zeros also remain on the physical sheet as t decreases.
We consider the behavior of F(s,t), for some fixed real negative value of t, as a function of s. There wi~l be a finite number of zeros in 1m s > 0, at (2.8)
These can be factored out from F, giving
.e 111( (s -a ) G(s,t).
I'
The function G(s,t) will have phasE contours that determine the oscillations through zero of 1m G(s,t depend on the chosen real value of t . . In our model; when aCt) isnear a negative even integer, -2N say, the order of these polynomials will be N + N', 0, and 3N + N',respectively to within:' ±l, where N' denotes the number of real zeros of F(s,t) in the interval (O,t).
Case (a)
Case (a) of our crossing symmetric model, has phase contours that differ from. those in Fig The reduction of F to a Herglotz function, for fixed t in case (a), will give a form similar to that in Eq. (2.14), except that the order of the polynomia1s will no~ be 0, 0, and 2N for P , P b , P , respectively, to within ±l. In case (a) we take the real a c zeros to be in one to one correspondence with the zeros of reSidues, so that no more than one is on the physical sheet for each negative value of t. where the order p and the type A both depend on 9.
In case (b), discussed in II (Section 5 and 7) and in the previous section, the real phase contours are given by . '2 :n:, as s -7 +00.
and negative s, along s + iO, the phase oscillates. Hence, from our discussion in I, and in Section 2 above, we would expect the rate of UCRL-179 2 3
-10-decrease of the amplitude, as s ~+oo, to be related to the increase of the phase. There may also be zeros in Jm s > 0, but for case (b) it is consistent to assume they are finite in number, and for simplicity we assume there are none.
If the phase contours, for fixed 9,along s real and positive, ceased to cycie through multiples of 2n for s > sO' for case (b)
on the above assumptions, we would obtain in Fig. 2.1 , is closely related to the order p(e) of the entire function R for a fixed angle of scattering e.
In case (a), discussed in II (Sections 5 and 7) and in Section 2 above, the phase ¢(s, cos e) has bounded oscillations along the real s axis above the branch cut. In this case the oscillations of Im F play only a minor role in the asymptotic behavior of IFI.
If there were no zeros of F(s, cos e) in Im s > 0, it would be essentially a Herglotz function, and we would have an inequality like (2.13). This is in contradiction with our model which assumes dominance by leading Regge terms in the physical region. More generally it contradicts our requirement (3.1) for a rapid decrease of cross section at fixed angle.
We conclude that in case (a) there must be an infinite number of zeros of F(s, cos e) in 1m s > 0, when cos e is in (-1, 1 
21~21
We can choose ~ so that this ratio is a minus one,giving a zero in (3.13). As E ~O, this zero of F(s, cos e) tends to infinity in the s plane, just above the real axis.
The phase contours and zeros of F(s, cos e), for complex s, are shown in Fig. 3 .2 for case (a). Since F is real analytic, the phase contours and zeros on the physical sheet in 1m s < 0 will be the mirror image of those shown in 1m s > O. In formulating our approach we make use of our deductions about phase contours for the crossing symmetric model developed in II and discussed in previous sections. Some of our conclusions are more gener~l in character and depend only on the specific asymptotic form of· certain modulus contours.
It is evident from
-18-(a) Phase Contours in the Plane For fixed t, the transformation from s to Zt is linear, so the topology of the phase contours will not be altered in going from the s plane to the complex Zt plane,
We ,consider the phase contours for real t above the branch cut In our model we assume that as t increases aCt) increases without limit. Then, for increasing t, there will be new phase contours continuously entering the physical sheet of the Zt plane from the left hand cut. 'All of these contours remain unbounded (i. e. they go to infinity) on the physical sheet.
In contrast to the phase contours from the left hand cut, there will be a class of bounded contours coming from the region
These contours are associated with decreasing a(s) and a(u) in the physical t channel, as sand u became more negative. contours associated with the right hand cut, but our argument does not require us to know whether these are unbounded or bounded. We denote by 6 t the region in the Zt plane that is bounded by the 
will meet the left hand cut of the Zt plane at a point P given by,
where c(n) is defined by
(4.6)
The phase (4.5) using (4.6) will ~pply out to the point A in Fig. 4.1, where the phase contour through the sequence of zeros meets the real axis. As t ~ + CD, the point A in our model tends to since it lies on the line u = t. In contrast, each point fixed n, will approach Zt"; -1 as t·~ +00, like ( ' t)-l.
P , n
The for phase contours (4.5) will wind around the bounded :rr contour, and then move to infinity in their asymptotic direction in thez t plane, found from Eq. (3.4). At the same time, for increasing t, the bounded phase contours will become denser near the limiting :rr contour, within the region 6 t that it bounds.
' .'
We will assume that as t ~ +00, (4.8) where 6 co is a finite bounded region in the Zt plane. For simplicity, we assume that
Then all of the closed phase contours, for finite t, lie inside
The general' form of the phase contours for large t is sketched in Fig. 4 .2. As noted above, we do not expect these contours to show any symmetry with respect to Im (Zt) = 0. In particular the boundary of L\ will not in general meet the real axis at right angles. We denote the angles by 9 l (t) and 9 2 (t) as shown in Fig. 4 .2, and assume 1 that they tend to values 9 1 and 9 2 in (0, "2 n) as t ~ 00. and we will denote the corresponding curve in the Zt plane by r t .
Its shape will c:qange as t is increased, and its detailed form will depend on the dynamics of the system. For our model, we expect it to . approach the form roo' that is indicated in Fig. 4 t .
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-23-(4.13)
outside Doo' in our model, .any modulus contour ft(n), having a value t n (with n fixed), will move towards foo and will coincide with it in the limit D ,we will have 00 t ~ 00.
~ 00, as Hence at any fixed point outside t ~ 00.
(4.14)
Thus, in our model, the modulus of the amplitude will be bounded by a polynomial in t as t ~ 00, for points We will make a transformation such that the image of the curve f t becomes tangential to the real axis at the image of the points Zt =±p. Once this is done, we can then use the CerulusMartin theorem 6 to obtain a lower bound at fixed angle as t -? CD.
A transformation satisfying this requirement is given. by, The appropriate branch of w is the one whose inverse 
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